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Abstract: A polynomial-time algorithm for the optimal solution of traveling salesman problems (TSPs) 

is introduced. The algorithm is based on a method for constructing all 0-1 non-negative integer 

solutions of a linear Diophantine equation proposed by Voinov and Nikulin in 1997, and a simple 

sub-tours elimination technique. Computational computer experiments confirmed that this algorithm, 

contrary to heuristic approaches, constructs all existing optimal solutions for symmetrical and 

asymmetrical TSPs, and that its time-complexity is 𝑂(𝑛<6). Applications of the algorithm are 

discussed. 
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1. Introduction 

   As a mathematical puzzle, the Traveling Salesman Problem (TSP) was first formulated in 1930. 

Since that time a huge amount of research has been conducted, but an efficient method to solve TSP 

has not been found. Even the well-known deterministic solutions to the problem possess an 

exponential time complexity. That is why the TSP is considered to be NP-hard. At the same time the 

problem possesses many important applications: In computer wiring, wallpaper cutting, holes 

punching, job sequences, the structure of crystals analysis, aircraft mission planning, material 

handling in a warehouse, clustering of data arrays, the orienteering problem, integrated chip testing, 

parcels collection and sending, in DNA sequences, etc. Consult, e.g., reviews of Laporte (1992), 

Pataki (2003), Goyal (2010), Sathya and Muthukumaravel (2015). Currently in practice people use 

exact algorithms based on integer linear programming formulations (ILP) or approximate heuristic 

algorithms. 

   Consider briefly the ILP formulation of Dantzig, Fulkerson and Johnson (DFJ) (1954) that is used 

in this research. Let 𝐺 = (𝑉, 𝐴) be a graph with a set 𝑉 of n vertices and 𝐴 be a set of arcs or edges. 

Let 𝐶 be an 𝑛 × 𝑛 distance or cost matrix associated with A with elements 𝑐𝑖𝑗  being positive integers, 

mailto:voinovv@mail.ru
mailto:natalya.pya@umu.se


2 
 

 

𝑖, 𝑗 ∊ 𝑉, 𝑖 ≠ 𝑗. The TSP means to find a minimum Hamiltonian circuit of length 𝐿 that passes through 

each vertex once and only once. The DFJ formulation is     

                                                  minimize   𝐿 = ∑ 𝑐𝑖𝑗𝛿𝑖𝑗𝑖≠𝑗                                                              (1.1) 

                                                   subject to  ∑ 𝛿𝑖𝑗 = 1,𝑛
𝑗=1  𝑖 = 1, … , 𝑛,                                           (1.2) 

                                                                    ∑ 𝛿𝑖𝑗 = 1,𝑛
𝑖=1  𝑗 = 1, … , 𝑛,                                            (1.3) 

                                                                    ∑ 𝛿𝑖𝑗 ≤ |𝑆| − 1,𝑖,𝑗∈𝑆  𝑆 ⊂ 𝑉, 2 ≤ |𝑆| ≤ 𝑛 − 2,           (1.4) 

                                                                    𝛿𝑖𝑗 ∈ {0,1}, 𝑖, 𝑗 = 1, … , 𝑛, 𝑖 ≠ 𝑗.                                (1.5) 

Constraints (1.2) and (1.3) are degree constraints. Constraints (1.4) are sub-tour elimination 

constraints. An alternative equivalent form of constraints (1.4) is Laporte (1992) 

                                                  ∑ ∑ 𝛿𝑖𝑗 ≥ 1, 𝑆 ⊂ 𝑉, 2 ≤ |𝑆| ≤ 𝑛 − 2.  𝑗∈𝑉\𝑆𝑖∈𝑆                              (1.6) 

The last constraints are also known as connectivity constraints. 

   In the above DFG formulation there are 𝑛 for symmetrical or 2𝑛 for asymmetrical TSP degree 

constraints and 2𝑛 − 2𝑛 − 2 sub-tour elimination constraints. Since the number of sub-tour 

elimination constraints increases exponentially, Laporte (1992, p. 234), concluded that “even for 

moderate values of 𝑛, it is unrealistic to solve DFJ directly by means of ILP code.” In this research a 

polynomial-time algorithm for TSPs is introduced. The proposed algorithm has been effectively used 

for the values of n of order 10 when running examples presented in Section 4 on a standard PC. 

   In Section 2.1 an algorithm for the solution of the subset sum problem is considered. A new simple 

sub-tours elimination technique is introduced in Section 2.2. The proposed algorithm is described in 

Section 3. Results of computer experiments are provided in Section 4. A discussion and conclusions 

are given in Section 5.  

 

2. Theoretical Background 

2.1 The Subset Sum Problem 

   Let 𝑎1, 𝑎2, … , 𝑎𝑙, 𝑙∊N, be arbitrary positive integers. The subset sum problem for any sum 𝐿 ∊ 𝑵 

means to find all existing vectors (𝑠1, 𝑠2, … , 𝑠𝑙)
𝑇 with 𝑠𝑖 ∊ {0,1}, 𝑖 = 1, … , 𝑙, such that 

                                                       𝑎1𝑠1 + 𝑎2𝑠2 + ⋯ + 𝑎𝑙𝑠𝑙 = 𝐿.                                                   (2.1) 

Voinov and Nikulin (1997) introduced an algorithm that using the corresponding generating function 

and the binomial theorem enumerates all nonnegative integer solutions of equation (2.1). All 0-1 

solutions to equation (2.1) can be ascertained using the aforementioned algorithm with the generating 

function 

𝛹𝐿(𝑧) = (𝑧𝑎1 + 𝑧𝑎2 + ⋯ + 𝑧𝑎𝑙)𝐿 = ∑ 𝑅𝑘(𝐿, 𝑙),

𝐿max(𝑎𝑖)

𝑘=𝐿min(𝑎𝑖)

 

where 

      𝑅𝑘(𝐿, 𝑙) = ∑ ∑ ⋯ ∑
𝐿!

(𝐿−𝑠1−⋯−𝑠𝑙)!𝑠1!⋯𝑠𝑙!

min(1,[
𝐿−𝑎𝑙𝑠𝑙⋯−𝑎3𝑠3

𝑎2
]) 

𝑠2=0

min(1,[
𝐿−𝑎𝑙𝑠𝑙

𝑎𝑙−1
])

𝑠𝑙−1=0

min(1,[
𝐿

𝑎𝑙
]) 

𝑠𝑙=0                      (2.2) 

and 𝑠1 =
𝐿−𝑎𝑙𝑠𝑙−⋯−𝑎2𝑠2

𝑎1
  is necessarily either 0 or 1. Otherwise one concludes that there are no solutions 

of equation (2.1). The notation [ ]a  denotes the greatest integer part of a. The right-hand side multiplier 

in (2.2) presents the total number of compositions (total number of partitions, taking into account the 
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order of terms) that satisfy the above condition. If the value of that multiplier is set to 1, (2.2) gives 

the number N of 0-1 solutions for the equation (2.1). The solutions, if they exist, are written explicitly 

as 

                                                        {𝑎1
𝑠1 , 𝑎2

𝑠2 , … , 𝑎𝑙
𝑠𝑙},                                                                      (2.3) 

where 𝑠2, 𝑠3, … , 𝑠𝑙 is the set of 0-1 variables such that (2.2) is summed over, with  

𝑠1 =
𝐿−𝑎𝑙𝑠𝑙−⋯−𝑎2𝑠2

𝑎1
∈ {0,1}. The notation (2.3) means that in a particular partition (a solution of the 

equation in (2.1)) there will be 𝑠1 terms equal to 𝑎1, 𝑠2 terms of 𝑎2, and so on. 

   The algorithm given by formulas (2.2) and (2.3) was realized as the R-function “get.subsetsum” of 

the R-package “nilde” (see Pya Arnqvist et al. (2021). Being a sequence of nested 0-1 sums the time 

complexity of the algorithm is 𝑂(𝑙2).  

   Lambe (1977) derived a tight upper bound on the number N of nonnegative integer solutions to the 

equation  

                                          𝑎1𝑠1 + 𝑎2𝑠2 + ⋯ + 𝑎𝑙𝑠𝑙 = 𝐿                                              (2.4) 

with 𝑠𝑖 ∈ 𝑍≥0 as  

                                N≤ (
𝑙 − 1 + 𝐵

𝑙 − 1
)

1

∏ 𝑎𝑖
𝑙
𝑖=1

=
𝑙(𝑙+1)⋯(𝑙+𝐵−1)

𝐵! ∏ 𝑎𝑖
𝑙
𝑖=1

,                                                  (2.5) 

where  

                                                𝐵 = 𝐿 +
𝑎1𝑎2

𝑓2
− 1 + ∑ [

𝑎𝑖𝑓𝑖−1

2𝑓𝑖
] ,𝑙

𝑖=3                                                               (2.6) 

and 𝑓𝑖 is the largest common factor of sets {𝑎1, … , 𝑎𝑖}, 𝑖 = 2, … , 𝑙, with 𝑓𝑙 =1. 

   From (2.5) we see that the upper bound for N is polynomial in l of order B. This polynomial in l 

bound can be used for the N 0-1 solutions to the equation in (2.1) because they form a subset of all  

N  nonnegative integer solutions for (2.4).  

 

2.2 Sub-Tours Elimination  

   The algorithm in (2.2) and (2.3) permits us to enumerate explicitly all feasible solutions. This makes 

it possible to create a simple polynomial in time procedure for sub-tours elimination. To illustrate this 

approach consider as an instance Example 5 from Martin (2014). The graph of this symmetrical TSP 

is given in Figure 1.  

                                                                           A(1) 

                                                                      12            14 

                                                           B(2)     15                 C(3) 

                                                                    18         17   29 

                                                                                           D(4) 

                                                                    Fig. 1. The Graph of the TSP. 

The cost or distance matrix 𝐶 = (𝑐𝑖𝑗) that corresponds to the above graph and the matrix of 

corresponding variables for the equation in (2.1) are shown in Figure 2. 
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#\# 1 2 3 4  #\# 1 2 3 4 

1  𝑐12 = 12 𝑐13 = 14 𝑐14 = 17  1  𝑠4 𝑠7 𝑠10 

2 𝑐21 = 12  𝑐23 = 15 𝑐24 = 18  2 𝑠1  𝑠8 𝑠11 

3 𝑐31 = 14 𝑐32 = 15  𝑐34 = 29  3 𝑠2 𝑠5  𝑠12 

4 𝑐41 = 17 𝑐42 = 18 𝑐43 = 29   4 𝑠3 𝑠6 𝑠9  
a)                                                                                     b) 

    Fig. 2. a) Cost or Distance Matrix 𝐶; b) Matrix of Variables in (2.1). 

 

   When searching for an optimal solution of any TSP the lower and upper bounds on the tour length 

L are of importance. The best lower bound Lb is obtained by solving the corresponding assignment 

problem (Laporte 1992, p. 234). The upper bound Ub can be obtained “by means of a suitable 

heuristic” (Laporte 1992, p. 238). For the above example Lb = 63. The “cheapest-insertion” algorithm 

of the R-package “TSP” gives Ub = 64. From this it follows that the optimal tour length for our 

instance is L = 63 or L = 64. 

   Let us check these values for optimality using the ability to construct explicitly all 0-1 solutions of 

the equation in (2.1) and the subtours elimination technique considered below. 

   For convenient usage of formulas in Sect. 1 and Sect. 2.1 the variables 𝛿𝑖𝑗, 𝑖, 𝑗 = 1,2,3,4, are 

renamed as follows: 𝛿21 = 𝑠1, 𝛿31 = 𝑠2, 𝛿41 = 𝑠3, 𝛿12 = 𝑠4, 𝛿32 = 𝑠5, 𝛿42 = 𝑠6, 𝛿13 = 𝑠7, 𝛿23 = 𝑠8, 

𝛿43 = 𝑠9, 𝛿14 = 𝑠10, 𝛿24 = 𝑠11, 𝛿34 = 𝑠12. Under these notations the length of tour L in (1.1) and 

constraints in (1.2) and (1.3) are written down explicitly as 

𝑐21𝑠1 + 𝑐31𝑠2 + 𝑐41𝑠3 + 𝑐12𝑠4 + 𝑐32𝑠5 + 𝑐42𝑠6 + 𝑐13𝑠7 + 𝑐23𝑠8 + 𝑐43𝑠9 + 𝑐14𝑠10 + 𝑐24𝑠11 + 𝑐34𝑠12 

= 12𝑠1 + 14𝑠2 + 17𝑠3 + 12𝑠4 + 15𝑠5 + 18𝑠6 + 14𝑠7 + 15𝑠8 + 29𝑠9 + 17𝑠10 + 18𝑠11 + 29𝑠12 = 𝐿   (2.7) 

and 

𝑠1 + 𝑠2 + 𝑠3 = 1, 

𝑠4 + 𝑠5 + 𝑠6 = 1, 
                                                                   𝑠7 + 𝑠8 + 𝑠9 = 1,                                                          (2.8) 

𝑠10 + 𝑠11 + 𝑠12 = 1, 
 

𝑠4 + 𝑠7 + 𝑠10 = 1, 

𝑠1 + 𝑠8 + 𝑠11 = 1, 
                                                               𝑠2 + 𝑠5 + 𝑠12 = 1,                                                          (2.9) 

𝑠3 + 𝑠6 + 𝑠9 = 1 

 

respectively. For L = 63 the R-command 

get.subsetsum(a=c(12,14,17,12,15,18,14,15,29,17,18,29),M=12,n=63,problem=”subsetsum01”) 

from the R-package ‘nilde’  produces 14 0-1 solutions of the equation in (2.7), but no one of them 

satisfies degree constraints in (2.8) and (2.9). Thus, L = 63 cannot be the optimal solution. 

  Let now L = 64. For L = 64 the R-command 

get.subsetsum(a=c(12,14,17,12,15,18,14,15,29,17,18,29),M=12,n=64,problem=”subsetsum01”) 

from the R-package ‘nilde’  produces 30 0-1 solutions of the equation in (2.7). Four of them that 

satisfy the degree constraints in (2.8) and (2.9) are:  

                              𝑠2 + 𝑠6 + 𝑠7 + 𝑠11 = 4  or  31 42 13 24 64,c c c c                                          (2.10) 
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                              𝑠3 + 𝑠5 + 𝑠7 + 𝑠11 = 4  or  41 32 13 24 64,c c c c                                          (2.11) 

                              𝑠2 + 𝑠6 + 𝑠8 + 𝑠10 = 4  or  31 42 23 14 64,c c c c                                          (2.12) 

                              𝑠3 + 𝑠5 + 𝑠8 + 𝑠10 = 4  or  41 32 23 14 64.c c c c                                          (2.13) 

To eliminate possible sub-tours the following simple explicit procedure can be used. Consider first 

the solution in (2.10). The first summand 𝑐31 in the right-hand side of (2.10) means that a salesman 

have to pass a way from, say, city 3 to 1. The third summand 𝑐13 returns him back to city 3. Thus we 

have a sub-tour 𝑐31 + 𝑐13 of size 2. It follows that there is no need to analyze the other summands and 

thus this solution is not a Hamiltonian circuit and it has to be removed from the consideration. Having 

rearranged the summands of the right-hand side of (2.11) as 𝑐41 + 𝑐13 + 𝑐32 + 𝑐24 = 64, one sees that 

this is a Hamiltonian circuit that represents the optimal solution of the problem. By analogy, the right-

hand side of (2.12) which equals 𝑐31 + 𝑐14 + 𝑐42 + 𝑐23 = 64 is also a Hamiltonian circuit that 

represents the second optimal solution. Note that this solution presents the same circuit as in (2.11) 

but passed in the opposite direction. The solution in (2.13) contains a sub-tour 𝑐41 + 𝑐14 and should 

be removed. From the above it follows that the TSP under consideration (as per the “cheapest-

insertion” algorithm) has two optimal solutions (2.11) and (2.12) that can be presented as 1,3,2,4,1 or 

ACBDA and 1,4,2,3,1 or ADBCA. Note that actually we have 8 dependent on starting vertex optimal 

solutions: ACBDA, CBDAC, BDACB, DACBD, ADBCA, DBCAD, BCADB, and CADBC. 

   Remark. It has to be added that the sub-tours elimination procedure is expected to be polynomial-

time because the number of solutions satisfying the degree constraints is less than or equal to N which 

in accordance with (2.5) is polynomial in 𝑙 = 𝑛(𝑛 − 1).  
 

3. A Description of the Algorithm 

 

Step 1. (Initialization) Solve a corresponding assignment problem to obtain a lower bound on the value 

of the optimal TSP solution. Apply a heuristic to get an upper bound.  

Step 2. (Sub problem solution) Given the lower bound construct all N 0-1 solutions to a corresponding 

linear Diophantine equation. 

Step 3. (Degree constraints check) Remove solutions that do not satisfy the degree constraints (1.2) 

and (1.3). 

Step 4. (Sub-tours elimination) Remove solutions that contain sub-tours by applying the procedure 

explained in Section 2.2. If there is a solution or solutions that contain no sub-tours, it forms the 

optimal solution or solutions: stop. Otherwise, increase the lower bound by one and go to step 2. 

Repeat until the upper bound is reached. 

   This algorithm was realized as the R-function tsp_solver() of the R-package “nilde” version 1.1-4 

(Pya Arnqvist et al., 2021). 

 

4. Computer Experiments 

a)  As a further example consider the following 3-dimensional asymmetric TSP from Wikipedia 

(en.wikipedia/wiki/Travelling_salesman_problem) 
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                                                               A(1) 

                                                          6          5 

 

                                                   1                           2  

 

                                              B(2)                  3       C(3) 

                                                          4     

                                                Fig. 3. The TSP graph 

with the following matrices: 

#\# 1 2 3  #\# 1 2 3 

1   𝑐12 = 1 𝑐13 = 2  1   𝑠3 𝑠5 

2 𝑐21 = 6   𝑐23 = 3  2 𝑠1   𝑠6 

3 𝑐31 = 5 𝑐32 = 4    3 𝑠2 𝑠4   

 

                                                     Fig. 4. Costs and Variables 

   The “cheapest-insertion” algorithms of the R-package “TSP” give the solution ABCA with L=9 that 

can be taken as 𝑈𝑏. The lower bound for this instance is 𝐿𝑏 = 8.  

The equation  

6𝑠1 + 5𝑠2 + 𝑠3 + 4𝑠4 + 2𝑠5 + 3𝑠6 = 8 

possesses 4 0-1 solutions, but no one of them satisfies the degree constraints  

                                                            𝑠1 + 𝑠2 = 1,      𝑠3 + 𝑠5 = 1, 
                                                            𝑠3 + 𝑠4 = 1,      𝑠1 + 𝑠6 = 1,                                               (4.1) 

                                                            𝑠5 + 𝑠6 = 1,      𝑠2 + 𝑠4 = 1. 
The equation  

1 2 3 4 5 66 5 4 2 3 9s s s s s s       

possesses 5 0-1 solutions. One of them (𝑠2 + 𝑠3 + 𝑠6 = 3) that satisfies the degree constraints in (4.1)  

is 𝑐31 + 𝑐12 + 𝑐23 = 9 (ABCA). It has no sub-tours and, hence, the solution 3,1,2,3 or ABCA is 

optimal. Note that Wikipedia gives as optimal the incorrect solution ACBA. It has to be noted also 

that “solving an asymmetric TSP graph can be somewhat complex” is an incorrect opinion of 

Wikipedia because our algorithm solves that graph easily. 

   This example shows that the algorithm of Sect. 3 can also be used for asymmetrical TSPs.     

b) Goyal (2010) presented a greedy non-deterministic polynomial in time (𝑂(𝑛5)) algorithm for 

solving TSPs and noted that it “halts with a minimum spanning tree of a graph instead of the 

Hamiltonian Cycle in few cases.” As an example of such an instance Goyal (2010) used the 

disconnected graph shown in Figure 5. 
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                                           B(2)    

                                     2               4 

                       A(1)                3               C(3) 

                                                    1     

                                 3                6        3 

                               D(4)        3          E(5)  

                              Fig. 5. The TSP Graph 

   Costs and variables for this graph are presented in Figure 6. 

 

#\# 1 2 3 4 5  #\# 1 2 3 4 5 

1   𝑐12 = 2 - 𝑐14 = 3 𝑐15 = 6  1   𝑠4 - 𝑠10 𝑠14 

2 𝑐21 = 2   𝑐23 = 4 𝑐24 = 3 -  2 𝑠1   𝑠7 𝑠11 - 

3 - 𝑐32 = 4   𝑐34 = 1 𝑐35 = 3  3 - 𝑠5   𝑠12 𝑠15 

4 𝑐41 = 3 𝑐42 = 3 𝑐43 = 1   𝑐45 = 3  4 𝑠2 𝑠6 𝑠8   𝑠16 

5 𝑐51 = 6 - 𝑐53 = 3 𝑐54 = 3    5 𝑠3 - 𝑠9 𝑠13   

                                      

                                                    Fig. 6. Costs and Variables 

 

   For this graph the lower bound is 𝐿𝑏 = 11. The “cheapest-insertion” algorithms of the R-package 

“TSP” give the solution 1,4,5,3,2,1 or ADECBA with L = 15 respectively. So, the upper bound is 

𝑈𝑏 = 15.  The equation 
2𝑠1 + 3𝑠2 + 6𝑠3 + 2𝑠4 + 4𝑠5 + 3𝑠6 + 4𝑠7 + 𝑠8 + 3𝑠9 + 3𝑠10 + 3𝑠11 + 𝑠12 + 3𝑠13 + 6𝑠14 + 3𝑠15 + 3𝑠16 = 15 

possesses 1,392 0-1 solutions. 𝑛∗ = 46 of them satisfy the degree constraints 

                                               𝑠1 + 𝑠2 + 𝑠3 = 1,         𝑠4 + 𝑠10 + 𝑠14 = 1, 

                                               𝑠4 + 𝑠5 + 𝑠6 = 1,         𝑠1 + 𝑠7 + 𝑠15 = 1, 
                                               𝑠7 + 𝑠8 + 𝑠9 = 1,         𝑠5 + 𝑠12 + 𝑠15 = 1,                                     (4.2)                              

                                        𝑠10 + 𝑠11 + 𝑠12 + 𝑠13 = 1, 𝑠2 + 𝑠6 + 𝑠8 + 𝑠16 = 1, 

                                               𝑠14 + 𝑠15 + 𝑠16 = 1,    𝑠3 + 𝑠9 + 𝑠13 = 1 

and 𝑛∗∗ = 4 satisfy also the connectivity constraints. These four Hamiltonian circuits are: 𝑐41 + 𝑐12 +

𝑐23 + 𝑐54 + 𝑐35 = 15 or 1,2,3,5,4,1 (ABCEDA), 𝑐51 + 𝑐12 + 𝑐43 + 𝑐24 + 𝑐35 = 15 or 1,2,4,3,5,1 

(ABDCEA), 𝑐21 + 𝑐42 + 𝑐53 + 𝑐34 + 𝑐15 = 15 or 1,5,3,4,2,1 (AECDBA), and 𝑐21 + 𝑐32 + 𝑐53 +

𝑐14 + 𝑐45 = 15 or 1,4,5,3,2,1 (ADECBA). Since there are no other solutions satisfying all constraints 

for 𝐿 < 15, these four are optimal. The same results are obtained by the following R-commands: 

library(nilde); s=c(0,2,NA,3,6,2,0,4,3,NA,NA,4,0,1,3,3,3,1,0,3,6,NA,3,3,0); d<-matrix(s,5,5); g<-

tsp_solver(d); g$tour. 

   This example shows how the proposed algorithm is used for TSPs with disconnected graphs.  

 

c) Consider Examples 1 and 4 used by Martin (2014) to compare the effectiveness of two heuristic 

algorithms, the “repetitive-nn” (RNNA) and the “cheapest-link” (CLA), versus the brute force search. 
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Concerning the 5-dimensional symmetric TSP of Example 1 the author concluded that the RNNA 

produces a better result (L=34), but it is still higher than the optimal L=32.     

   This example is described by the matrices 

 

#\# 1 2 3 4 5  #\# 1 2 3 4 5 

1   𝑐12 = 12 𝑐13 = 10 𝑐14 = 19 𝑐15 = 8  1   𝑠5 𝑠9 𝑠13 𝑠17 

2 𝑐21 = 12   𝑐23 = 3 𝑐24 = 7 𝑐25 = 2  2 𝑠1   𝑠10 𝑠14 𝑠18 

3 𝑐31 = 10 𝑐32 = 3   𝑐34 = 6 𝑐35 = 20  3 𝑠2 𝑠6   𝑠15 𝑠19 

4 𝑐41 = 19 𝑐42 = 7 𝑐43 = 6   𝑐45 = 4  4 𝑠3 𝑠7 𝑠11   𝑠20 

5 𝑐51 = 8 𝑐52 = 2 𝑐53 = 20 𝑐54 = 4    5 𝑠4 𝑠8 𝑠12 𝑠16   
 

                                               Fig. 7. Costs and Variables 

 

The costs of Figure 7 give 𝐿𝑏 = 32. The “cheapest-insertion” algorithm gives 𝑈𝑏 = 33.  In this case 

the equation 

 

12𝑠1 + 10𝑠2 + 19𝑠3 + 8𝑠4 + 12𝑠5 + 3𝑠6 + 7𝑠7 + 2𝑠8 + 10𝑠9 + 3𝑠10 + 6𝑠11 + 20𝑠12 + 19𝑠13 + 

+7𝑠14 + 6𝑠15 + 4𝑠16 + 8𝑠17 + 2𝑠18 + 20𝑠19 + 4𝑠20 = 32 

 

has N=884 0-1 solutions. 𝑛∗ = 21 of them satisfy the degree constraints  

 

 

 

𝑠1 + 𝑠2 + 𝑠3 + 𝑠4 = 1,        𝑠5 + 𝑠9 + 𝑠13 + 𝑠17 = 1, 

𝑠5 + 𝑠6 + 𝑠7 + 𝑠8 = 1,        𝑠1 + 𝑠10 + 𝑠14 + 𝑠18 = 1, 
                                     𝑠9 + 𝑠10 + 𝑠11 + 𝑠12 = 1,   𝑠2 + 𝑠6 + 𝑠15 + 𝑠19 = 1,                               (4.3) 

𝑠13 + 𝑠14 + 𝑠15 + 𝑠16 = 1, 𝑠3 + 𝑠7 + 𝑠11 + 𝑠20 = 1, 

𝑠17 + 𝑠18 + 𝑠19 + 𝑠20 = 1, 𝑠4 + 𝑠8 + 𝑠12 + 𝑠16 = 1 

and only 2 solutions: 𝑐31 + 𝑐42 + 𝑐23 + 𝑐54 + 𝑐15 = 32 (3,1,5,4,2,3) and 𝑐51 + 𝑐32 + 𝑐13 + 𝑐24 +

𝑐45 = 32 (5,1,3,2,4,5) satisfy the connectivity constraints (Step. 4) of Sect. 3. These two solutions 

represent the same Hamiltonian circuit but pass in opposite directions. Since there are no optimal 

solutions for 𝐿 < 32, one may conclude that the above two Hamiltonian circuits are optimal.  

   Concerning the 6th-dimensional symmetric TSP of Example 4 with the cost matrix  

 

#\# 1 2 3 4 5 6 

1  с12 = 12 с13 = 29 с14 = 22 с15 = 13 с16 = 24 

2 с21 = 12  с23 = 19 с24 = 3 с25 = 25 с26 = 6 

3 с31 = 29 с32 = 19  с34 = 21 с35 = 23 с36 = 28 

4 с41 = 22 с42 = 3 с43 = 21  с45 = 4 с46 = 5 

5 с51 = 13 с52 = 25 с53 = 23 с54 = 4  с56 = 16 

6 с61 = 24 с62 = 6 с63 = 28 с64 = 5 с65 = 16  
  

                                                  Fig. 8. Costs for the TSP 
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Martin (2014) concluded that CLA produces a better result with 𝐿 = 83 and that the optimal solution 

1,3,6,2,4,5,1 is achieved at 𝐿 = 76. Our approach gives N=18,822 0-1 solutions for the equation 

12𝑠1 + 29𝑠2 + ⋯ + 16𝑠30 = 76, 𝑛∗ = 147 of them satisfy the degree constraints, and 𝑛∗∗ = 2 satisfy 

the              connectivity constraints. These two solutions are: 𝑐51 + 𝑐32 + 𝑐13 + 𝑐64 + 𝑐45 + 𝑐26 = 76 

and 𝑐31 + 𝑐62 + 𝑐23 + 𝑐54 + 𝑐15 + 𝑐46 = 76. Since there are no optimal solutions for 𝐿 < 76, one 

may conclude that these two (1,3,2,6,4,5,1 and 1,5,4,6,2,3,1) are optimal. Note that they represent the 

same Hamiltonian circuit passed in opposite directions. 

 

e) Consider the 7th-dimensional symmetric TSP with the cost matrix 

  

#\# 1 2 3 4 5 6 7 

1   𝑐12 = 26 𝑐13 = 31 𝑐14 = 35 𝑐15 = 33 𝑐16 = 39 𝑐17 = 41 

2 𝑐21 = 26   𝑐23 = 29 𝑐24 = 32 𝑐25 = 38 𝑐26 = 40 𝑐27 = 60 

3 𝑐31 = 31 𝑐32 = 29   𝑐34 = 50 𝑐35 = 42 𝑐36 = 38 𝑐37 = 45 

4 𝑐41 = 35 𝑐42 = 32 𝑐43 = 50   𝑐45 = 60 𝑐46 = 44 𝑐47 = 42 

5 𝑐51 = 33 𝑐52 = 38 𝑐53 = 42 𝑐54 = 60   𝑐56 = 28 𝑐57 = 45 

6 𝑐61 = 39 𝑐62 = 40 𝑐63 = 38 𝑐64 = 44 𝑐65 = 28   𝑐67 = 30 

7 𝑐71 = 41 𝑐72 = 60 𝑐73 = 45 𝑐74 = 42 𝑐75 = 45 𝑐76 = 30   

 

                                               Fig. 9. Costs for the TSP 

 

 

 

   For this instance the 𝐿𝑏 = 225 and the 𝑈𝑏 = 232. This upper bound presents a solution of the 

problem obtained by the heuristic “cheapest-insertion” algorithm. The R-commands: library(nilde); 

s=c(26,31,35,…,42,45,30); d<-matrix(s,7,7); g<-tsp_solver(d); g$tour give two tours 3,1,5,6,7,4,2,3  

5,1,3,2,4,7,6,5 of length  L=225 which present the same Hamiltonian circuit passed in opposite 

directions.  This instance confirms the fact that no one known heuristic algorithm guarantees the 

optimality of a solution. 

   Note that DFG approach requires checking 2𝑛 − 2𝑛 − 2 = 112 sub-tour elimination constraints 

against 𝑛∗∗ = 2 for the proposed algorithm.  

 

e) Assessing the time-complexity. Garey and Johnson (1978, 500) wrote that “the time complexity of 

an algorithm is expressed in terms of a single “instance size” parameter which reflects the number of 

symbols that would be required to describe the instance in a “reasonable” and “concise” manner. For 

the proposed algorithm the single “instance size” parameter can be, e.g., 𝑝 = 𝑛 + max (𝑐𝑖𝑗). It can be 

shown that for a few different instances considered above the time-complexity is of the order of 𝑂(𝑝3). 
For a systematical analysis of our algorithm’s complexity the following simulation experiments were 

designed:     

   i) For every n from 3 to 10 inclusive we simulated at random 10 asymmetric TSPs with 𝑐𝑖𝑗 in the 

interval [1,100], solved problems using the function tsp_solver() from the R-package “nilde,” and 

calculated mean computing times and their standard deviations of the mean (see the script used in the 

Appendix). Results (obtained on PC Intel® Xeon ® CPU E3-1280v5@3.70GHz, RAM 62.8Gb) are 

presented in Figure 10. The mean times’ fitted curves were obtained by Microsoft Excel 2013.  

mailto:E3-1280v5@3.70GHz
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Fig. 10. Dependence of the Mean Computing Time on 𝑛. Solid line presents the polynomial fit, 

dashed one is for the exponential, and dotted line presents the power fitted line. 

 

   From Fig. 10 one sees that for the polynomial fit the 𝑅2 is higher than that for the power and 

exponential ones. It has to be added that (in accordance with the formula for y) the total contribution 

of terms 4812.4𝑛4, 146187𝑛2, and const. = 264678 is about 90% of the total contribution of all 

positive values including 9.6187𝑛6. 

   The above dependence of times on n is equivalent to that on 𝑛 + max (𝑐𝑖𝑗), because max (𝑐𝑖𝑗) ≤

100 for all n = 3-10, and, hence, 100 can be taken as max (𝑐𝑖𝑗). 

   ii) For n = 5 and every max(𝑐𝑖𝑗) = 10,20, … ,100 we simulated at random 2,000 asymmetric TSPs 

with 𝑐𝑖𝑗 in the interval [1,50] using the function tsp_solver() and calculated mean computing times 

and their standard deviations of the mean. Results (obtained on PC Intel® Core™ i7-2600 

CPU@3.40GHz, RAM 6Gb) are presented in Figure 11.    

 

y = 9.6187n6 - 336.82n5 + 4812.4n4 - 35824n3 + 146187n2 - 309362n + 

264678

R² = 0.9999
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R² = 0.9656
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                Fig. 11. Polynomial and Exponential Fits. The solid line y1 is for the polynomial fit, 

dashed y2 is for exponential fit. 

 

   From Fig. 11 one sees that for a polynomial fit the 𝑅2 is larger than that for the exponential one. 

The above dependence of times on max (𝑐𝑖𝑗) is equivalent to that on 𝑛 + max (𝑐𝑖𝑗), because n is the 

same for all 10 values of max (𝑐𝑖𝑗).  

   The results of simulation show that mean computing times, being a polynomial function of the 

single parameter 𝑝 = 𝑛 + max (𝑐𝑖𝑗), are in favor of belonging TSPs to the class P.  

  

5. A Discussion and Conclusions 

 

   This research answers “yes” to the following routing decision problem (Garey & Johnson, 1979, p. 

211): 

[ND22] TRAVELING SALESMAN 

INSTANCE: Set C of n cities, distances 𝑑(𝑐𝑖, 𝑐𝑗) ∈ 𝑍+ for each pair of cities 𝑐𝑖, 𝑐𝑗 ∈ 𝐶, positive 

integer B. 

QUESTION: Is there a tour of C having length L or less, i.e., a permutation < 𝑐𝜋(1), 𝑐𝜋(2), … , 𝑐𝜋(𝑛) >  

of C such that (∑ 𝑑(𝑐𝜋(𝑖), 𝑐𝜋(𝑖+1))𝑛−1
𝑗=1 ) + 𝑑(𝑐𝜋(𝑛), 𝑐𝜋(1)) ≤ 𝐵? 

 

 

   Our “yes” is confirmed by presenting a corresponding polynomial-time algorithm for solving TSPs,  

by numerous published and simulated graphs of Section 4. There was no one answer “no” for more 

than 20,000 simulated at random TSPs. Thus our results disprove the commonly accepted opinion that 

TSP in NP-complete. 

   In 1971 Stephen Cook showed that “if we have a polynomial time reduction from one problem to 

another, this ensures that any polynomial time algorithm for the second problem can be converted into 

a corresponding polynomial time algorithm for the first problem” (see Garey and Johnson, 1979, p. 

13). Since there is a transformation from the Hamiltonian circuit (HC) problem to TSP (ibid., 211.), 

from the above result of Cook and our arguments in favor of polynomial-time complexity of TSPs it 

y2 = 0.0026e0.0187p

R² = 0.9506

y1 = -1E-09p3 + 3E-07p2 + 0.0001p + 0.0012
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follows that HC problem also belongs to the class P. The same logic shows that importantly for the 

graph theory problems: [GT31] MINIMUM K-CONNECTED SUBGRAPHS and [GT34] 

HAMILTONIAN COMPLETION (ibid., 198) belong to the class P. 

   To summarize the following strengths of the proposed algorithm can be emphasized: a) it is 

polynomial in time with the complexity of 𝑂(𝑛<6); b) it enumerates all existing exact optimal 

solutions for symmetrical and asymmetrical TSPs with both connected and disconnected graphs; c) it 

uses new simple polynomial-time constraints for sub-tours elimination. 

   The main weakness of the algorithm is its rather high PC computing time for TSPs of size 𝑛 > 10. 

This is explained by a high processor time needed for constructing all nonnegative 0-1 solutions of a 

linear Diophantine equation. Hopefully, future research will develop much faster algorithms for 

enumerating those solutions. Since the computing time does not increase exponentially, the usage of 

contemporary supercomputers permits one to solve TSPs of size 𝑛 > 10 in a reasonable time. 

   From all the above we may conclude that TSPs being solvable in polynomial time are not NP-hard. 

This is an empirical argument in favor of the fundamental equality P=NP. Analogous arguments can 

be found in Voinov and Rahmanov (2020). 
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6. Summary 

 

English: In this paper an exact polynomial in time algorithm for the optimal solution of traveling 

salesman problems has been proposed. 

 

Russian: В статье предложен точный полиномиальный алгоритм для оптимального решения 

задач коммивояжера. 

 

Kazakh: Мақалада сатушының есептерін оңтайлы шешу үшін нақты полиномиялық алгоритм 

ұсынылған. 
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8. Appendix 

library(nilde) 

cpu.tsp <- numeric(0) 

for (j in 1:10){ 

 set.seed(j) 

 d <- matrix(sample(1:100,25,replace=TRUE),5,5) 

 cpu.tsp[j] <- system.time(g <- tsp_solver(d))[1] 

} 

m<-mean(cpu.tsp) 

m 

v<-var(cpu.tsp) 

st.dev.mean<-v^(1/2)/10^(1/2) 

st.dev.mean 


